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DEFORMATION-QUANTIZATION OF COMPLEX
INVOLUTIVE SUBMANIFOLDS
ANDREA D’AGNOLO AND PIETRO POLESELLO
Introduction
Let M be a complex manifold, and T ∗M its cotangent bundle en-
dowed with the canonical symplectic structure. The sheaf of ringsWM
of WKB operators provides a deformation-quantization of T ∗M . On
a complex symplectic manifold X there may not exist a sheaf of rings
locally isomorphic to i−1WM , for i : X ⊃ U −→ T ∗M a symplectic local
chart. The idea is then to consider the whole family of locally defined
sheaves of WKB operators as the deformation-quantization of X . To
state it precisely, one needs the notion of algebroid stack, introduced
by Kontsevich [11]. In particular, the stack of WKB modules over X
defined in Polesello-Schapira [14] (see also Kashiwara [9] for the con-
tact case) is better understood as the stack ofWX -modules, where WX
denotes the algebroid stack of deformation-quantization of X .
Let V ⊂ X be an involutive (i.e. coisotropic) submanifold. Assume
for simplicity that the quotient of V by its bicharacteristic leaves is
isomorphic to a complex symplectic manifold Z, and denote by q : V −→
Z the quotient map. If L is a simple WKB module along V , then the
algebra of its endomorphisms is locally isomorphic to q−1i−1WopN , for
i : Z ⊃ U −→ T ∗N a symplectic local chart. Hence we may say that
L provides a deformation-quantization of V . Again, since in general
there do not exist globally defined simple WKB modules, the idea is
to consider the algebroid stack of locally defined simple WKB modules
as the deformation-quantization of V .
In this paper we start by defining what an algebroid stack is, and
how it is locally described. We then discuss the algebroid stack of
WKB operators on a complex symplectic manifold X and define the
deformation-quantization of an involutive submanifold V ⊂ X by means
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of simple WKB modules along V . Finally, we relate this deformation-
quantization to that given by WKB operators on the quotient of V by
its bicharacteristic leaves.
1. Algebroid stacks
We start here by recalling the categorical realization of an algebra
as in [12], and we then sheafify that construction. We assume that the
reader is familiar with the basic notions from the theory of stacks which
are, roughly speaking, sheaves of categories. (The classical reference
is [7], and a short presentation is given e.g. in [9, 4].)
Let R be a commutative ring. An R-linear category (R-category
for short) is a category whose sets of morphisms are endowed with an
R-module structure, so that composition is bilinear. An R-functor is a
functor between R-categories which is linear at the level of morphisms.
If A is an R-algebra, we denote by A+ the R-category with a single
object, and with A as set of morphisms. This gives a fully faithful func-
tor from R-algebras to R-categories. If f, g : A −→ B are R-algebra mor-
phisms, then transformations f+ ⇒ g+ correspond to elements b ∈ B
such that bf(a) = g(a)b for any a ∈ A. Note that the category Mod(A)
of left A-modules is R-equivalent to the category HomR(A
+,Mod(R))
of R-functors from A+ to Mod(R) and that the Yoneda embedding
A+ −→ HomR((A
+)op,Mod(R)) ≈R Mod(A
op)
identifies A+ with the full subcategory of right A-modules which are
free of rank one. (Here ≈R denotes R-equivalence.)
Let X be a topological space, and R a (sheaf of) commutative alge-
bra(s). As for categories, there are natural notions of R-linear stacks
(R-stacks for short), and of R-functor between R-stacks.
If A is an R-algebra, we denote by A+ the R-stack associated with
the separated prestack U 7→ A(U)+. This gives a functor from R-
algebras to R-categories which is faithful and locally full. If f, g : A −→
B are R-algebra morphisms, transformations f+ ⇒ g+ are described as
above. As above, the stack Mod(A) of left A-modules is R-equivalent
to the stack of R-functors HomR(A+,Mod(R)), and the Yoneda em-
bedding gives a fully faithful functor
(1.1) A+ −→ HomR((A+)op,Mod(R)) ≈R Mod(Aop)
into the stack of right A-modules. This identifies A+ with the full
substack of locally free right A-modules of rank one.
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Recall that one says a stack A is non-empty if A(X) has at least
one object; it is locally non-empty if there exists an open covering
X =
⋃
i Ui such that A|Ui is non-empty; and it is locally connected by
isomorphisms if for any open subset U ⊂ X and any F,G ∈ A(U) there
exists an open covering U =
⋃
i Ui such that F |Ui ≃ G|Ui in A(Ui).
Lemma 1.1. Let A be an R-stack. The following are equivalent
(1) A ≈R A+ for an R-algebra A,
(2) A is non-empty and locally connected by isomorphisms.
Proof. By (1.1), A+ is equivalent to the stack of locally free right A-
modules of rank one. Then (1) clearly implies (2). Conversely, let A
be an R-stack as in (2) and P an object of A(X). Then A = End
A
(P)
is an R-algebra and the assignment Q 7→ Hom
A
(P,Q) gives an R-
equivalence between A and A+. 
We are now ready to give a definition of algebroid stack, equivalent
to that in Kontsevich [11]. It is the linear analogue of the notion of
gerbe (groupoid stack) from algebraic geometry [7].
Definition 1.2. (1) An R-algebroid stack is an R-stack A which
is locally non-empty and locally connected by isomorphisms.
(2) The R-stack of A-modules is Mod(A) = HomR(A,Mod(R)).
Note that Mod(A) is an example of stack of twisted modules over
not necessarily commutative rings (see [4]). As above, the Yoneda
embedding identifies A with the full substack of Mod(Aop) consisting
of locally free objects of rank one.
2. Cocycle description of algebroid stacks
We will explain here how to recover an algebroid stack from local
data. The parallel discussion for the case of gerbes can be found for
example in [2, 3].
Let A be an R-algebroid stack. By definition, there exists an open
covering U =
⋃
i Ui such that A|Ui is non-empty. By Lemma 1.1 there
are R-algebras Ai on Ui such that A|Ui ≈R A
+
i . Let Φi : A|Ui −→
A+i and Ψi : A
+
i −→ A|Ui be quasi-inverse to each other. On double
intersections Uij = Ui∩Uj there are equivalences Φij = ΦiΨj : A
+
j |Uij −→
A+i |Uij . On triple intersections Uijk there are invertible transformations
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αijk : ΦijΦjk ⇒ Φik induced by ΨjΦj ⇒ id. On quadruple intersections
Uijkl the following diagram commutes
(2.1) ΦijΦjkΦkl
αijk
+3
αjkl

ΦikΦkl
αikl

ΦijΦjl
αijl
+3 Φil.
These data are enough to reconstruct A (up to equivalence), and we
will now describe them more explicitly.
On double intersections Uij , the R-functor Φij : A
+
j −→ A
+
i is locally
induced by R-algebra isomorphisms. There thus exist an open covering
Uij =
⋃
α U
α
ij and isomorphisms ofR-algebras f
α
ij : Aj −→ Ai on U
α
ij such
that (fαij)
+ = Φij |Uαij .
On triple intersections Uαβγijk = U
α
ij ∩ U
β
ik ∩ U
γ
jk, we have invertible
transformations αijk|Uαβγijk
: (fαij)
+(f γjk)
+ ⇒ (fβik)
+. There thus exist in-
vertible sections aαβγijk ∈ A
×
i (U
αβγ
ijk ) such that
fαijf
γ
jk = ad(a
αβγ
ijk )f
β
ik.
On quadruple intersections Uαβγδǫϕijkl = U
αβγ
ijk ∩U
αδǫ
ijl ∩U
βδϕ
ikl ∩U
γǫϕ
jkl , the
diagram (2.1) corresponds to the equalities
aαβγijk a
βδϕ
ikl = f
α
ij(a
γǫϕ
jkl )a
αδǫ
ijl .
Indices of hypercoverings are quite cumbersome, and we will not
write them explicitly anymore1.
Let us summarize what we just obtained.
Proposition 2.1. Up to equivalence, an R-algebroid stack is given by
the following data:
(1) an open covering X =
⋃
i Ui,
(2) R-algebras Ai on Ui,
(3) isomorphisms of R-algebras fij : Aj −→ Ai on Uij,
(4) invertible sections aijk ∈ A
×
i (Uijk),
such that{
fijfjk = ad(aijk)fik, as morphisms Ak −→ Ai on Uijk,
aijkaikl = fij(ajkl)aijl in Ai(Uijkl).
1Recall that, on a paracompact space, usual coverings are cofinal among
hypercoverings.
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Example 2.2. If the R-algebras Ai are commutative, then the 1-
cocycle fijfjk = fik defines an R-algebra A on X and {aijk} induces a
2-cocycle with values in A×. In particular, if Ai = R|Ui, then fij = id
and A = R. Hence, R-algebroid stacks locally R-equivalent to R+
are determined by the 2-cocycle aijk ∈ R
×(Uijk). One checks that two
such stacks are (globally) R-equivalent if and only if the corresponding
cocycles give the same cohomology class in H2(X ;R×).
Example 2.3. Let X be a complex manifold, and OX its structural
sheaf. A line bundle L on X is determined (up to isomorphism) by
its transition functions fij ∈ O
×
X(Uij), where X =
⋃
i Ui is an open
covering such that L|Ui ≃ OUj . Let λ ∈ C, and choose determina-
tions gij of the multivalued functions f
λ
ij . Since gijgjk and gik are both
determinations of fλik, one has gijgjk = cijkgik for cijk ∈ C
×
X(Uijk).
Let us denote by CLλ the C-algebroid stack associated with the co-
cycle {cijk} as in the previous example. For λ = m ∈ Z we have
CLm ≈C C+X , but in general CLλ is non trivial. On the other hand,
Lλ defines a global object of the algebroid stack2 O+X ⊗C CLλ , so that
O+X ⊗C CLλ ≈C O
+
X is always trivial. Forgetting the O-linear structure,
the Yoneda embedding identifies Lλ with a twisted sheaf in (i.e. a global
object of) Mod(CL−λ). (Here we used the equivalence (CLλ)op ≈C
CL−λ.)
3. Quantization of complex symplectic manifolds
The relation between Sato’s microdifferential operators and WKB
operators3 is classical, and is discussed e.g. in [13, 1]. We follow here
the presentation in [14], and we refer to [15] for the theory of microd-
ifferential operators.
Let M be a complex manifold, and denote by ρ : J1M −→ T ∗M the
projection from the 1-jet bundle to the cotangent bundle. Let (t; τ)
be the system of homogeneous symplectic coordinates on T ∗C, and
recall that J1M is identified with the affine chart of the projective
cotangent bundle P ∗(M × C) given by τ 6= 0. Denote by EM×C the
sheaf of microdifferential operators on P ∗(M × C). Its twist by half-
forms E
√
v
M×C = pi
−1Ω1/2M×C ⊗π−1O EM×C ⊗π−1O pi
−1Ω−1/2M×C is endowed with
2Here, if Ai (i = 1, 2) are C-algebroid stacks, A1 ⊗C A2 is the C-algebroid stack
which is equivalent to (A1 ⊗C A2)
+ when Ai ≈C A
+
i
, for C-algebras Ai.
3WKB stands for Wentzel-Kramer-Brillouin.
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a canonical anti-involution. (Here pi : P ∗(M × C) −→ M × C denotes
the natural projection.)
In a local coordinate system (x, t) on M × C, consider the subring
E
√
v
M×C,tˆ of operators commuting with ∂t. The ring of WKB operators
(twisted by half-forms) is defined by
W
√
v
M = ρ∗(E
√
v
M×C,tˆ|J1M).
It is endowed with a canonical anti-involution ∗, and its center is the
subfield k =Wpt ⊂ C[[τ
−1, τ ] of WKB operators over a point.
In a local coordinate system (x) on M , with associated symplectic
local coordinates (x; u) on T ∗M , a WKB operator P of order m defined
on a open subset U of T ∗M has a total symbol
σ(P ) =
m∑
j=−∞
pj(x; u)τ
j ,
where the pj’s are holomorphic functions on U subject to the estimates
(3.1)
{
for any compact subset K of U there exists a constant
CK > 0 such that for all j < 0, sup
K
|pj| ≤ C
−j
K (−j)!.
If Q is another WKB operator defined on U , of total symbol σ(Q),
then
σ(P ◦Q) =
∑
α∈Nn
τ−|α|
α!
∂αuσ(P )∂
α
xσ(Q).
Remark 3.1. The ring W
√
v
M is a deformation-quantization of T
∗M
in the following sense. Setting ~ = τ−1, the sheaf of formal WKB
operators (obtained by dropping the estimates (3.1)) of degree less
than or equal to 0 is locally isomorphic to OT ∗M [[~]] as CT ∗M -modules
(via the total symbol), and it is equipped with an unitary associative
product which induces a star-product on OT ∗M [[~]].
Let X be a symplectic complex manifold of dimension 2n. Then
there are an open covering X =
⋃
i Ui and symplectic embeddings
Φi : Ui −→ T
∗M , for M = Cn. Let Ai = Φ−1i W
√
v
M . Adapting Kashi-
wara’s construction (cf [9]), Polesello-Schapira [14] proved that there
exist isomorphisms of k-algebras fij and invertible sections aijk as in
Proposition 2.1. Their result may thus be restated as
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Theorem 3.2. (cf [14]) On any symplectic complex manifold X there
exists a canonical k-algebroid stack WX locally equivalent to (i
−1W
√
v
M )
+
for any symplectic local chart i : X ⊃ U −→ T ∗M .
Note that the canonical anti-involution ∗ on W
√
v
M extends to an
equivalence of k-stacks WX ≈k W
op
X . Note also that by Lemma 1.1
there exists a deformation-quantization algebra on X if and only if the
k-algebroid stack WX has a global object, or equivalently if the stack
Mod(WX) has a global object locally isomorphic to i
−1W
√
v
M for any
symplectic local chart i : X ⊃ U −→ T ∗M .
4. Quantization of involutive submanifolds
LetM be a complex manifold and V ⊂ T ∗M an involutive4 subman-
ifold. Similarly to the case of microdifferential operators (for which
we refer to [10] and [8]), one introduces the sub-sheaf of rings W
√
v
V
of W
√
v
M generated over W
√
v
M (0) by the WKB operators P ∈ W
√
v
M (1)
such that σ1(P ) vanishes on V . Here W
√
v
M (m) denotes the sheaf of
operators of order less than or equal to m, and σm(·) : W
√
v
M (m) −→
W
√
v
M (m)/W
√
v
M (m − 1) ≃ OT ∗M · τ
m is the symbol map of order m
(which does not depend on the local coordinate system on M).
Definition 4.1. (i) Let M be a coherent W
√
v
M -module. One says
thatM is a regular WKB module along V if locally there exists
a coherent sub-W
√
v
M (0)-module M0 of M which generates it
over W
√
v
M , and such that W
√
v
V ·M0 ⊂M0.
(ii) One says that M is a simple WKB module along V if lo-
cally there exists an W
√
v
M (0)-module M0 as above such that
M0/W
√
v
M (−1) · M0 ≃ OV .
Example 4.2. Let (x) = (x1, . . . , xn) be a local coordinate system
on M and denote by (x; u) = (x1, . . . , xn; u1, . . . , un) the associated
symplectic local coordinate system on T ∗M . Recall that locally, any
involutive submanifold V of codimension d may be written after a sym-
plectic transformation as:
V = {(x; u); u1 = · · · = ud = 0}.
4Recall that V is involutive if for any pair of holomorphic functions (f, g) van-
ishing on V , their Poisson bracket {f, g} vanishes on V .
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In such a case, any simple WKB module along V is locally isomorphic
to
W
√
v
M /W
√
v
M · (∂x1, . . . , ∂xd).
LetX be a complex symplectic manifold of dimension 2n, and V ⊂ X
an involutive submanifold. The notions of regular and simple module
along V being local, they still make sense in the stack Modcoh(WX) of
coherent WKB modules on X .
Definition 4.3. Denote by ModV -reg(WX) the full substack of regular
objects along V in Modcoh(WX), and by SV its full substack of simple
objects along V .
Being locally non-empty and locally connected by isomorphisms (see
Example 4.2), SV is a k-algebroid stack on X . Since it is supported by
V , we consider it as a stack on V . The first equivalence in the following
theorem asserts that the deformation-quantization of V by means of
simple WKB modules is equivalent, up to a twist, to that given by
WKB operators on the quotient of V by its bicharacteristic leaves.
Theorem 4.4. Let X be a complex symplectic manifold, and V ⊂ X an
involutive submanifold. Assume that there exist a complex symplectic
manifold Z and a map q : V −→ Z whose fibers are the bicharacteristic
leaves of V . Then there are an equivalence of k-algebroid stacks5 on V
(4.1) SV ≈k q
−1WZ ⊗C CΩ1/2V
,
and a k-equivalence
(4.2) ModV -reg(WX) ≈k Modcoh(q
−1WopZ ⊗C CΩ−1/2V
).
Note that the statement still holds for a general involutive manifold
V , replacing q−1WZ with the algebroid stack obtained by adapting [14,
Proposition 7.3] for the symplectic case.
If V = X , thenSX ≈k W
op
X is the stack of locally free left WKBmod-
ules of rank one, andModX-reg(WX) ≈k Modcoh(WX). Since ΩX ≃ OX
by the nth power of the symplectic form, one has C
Ω
1/2
X
≈C C
+
X . As
q = id, the theorem thus reduces to the equivalence WopX ≈k WX given
by the involution ∗.
5Here, if A is a k-algebroid stack on Z, q−1A is the k-algebroid stack on V which
is equivalent to (q−1A)+ when A ≈k A
+, for a k-algebra A.
DEFORMATION-QUANTIZATION.. . 9
If V = Λ is Lagrangian, then Z = pt. Hence q−1Wp t ≈k k
+
Λ , and
(4.1) asserts that
SΛ ⊗C CΩ−1/2
Λ
≈k k
+
Λ .
In other words, it asserts that SΛ ⊗C CΩ−1/2
Λ
⊂ Mod(WX ⊗C CΩ1/2
Λ
)
has a global object. This is a result of D’Agnolo-Schapira [6], obtained
by adapting a similar theorem of Kashiwara [9] for microdifferential
operators, along the techniques of [14]. As for (4.2), we recover the
WKB analogue of [9, Proposition 4], also stated in [6],
ModΛ-reg(WX) ≈k Modloc-sys(k
+
Λ ⊗C CΩ−1/2
Λ
),
where the right-hand side denotes the stack of twisted locally constant
k-modules of finite rank.
Proof of the theorem. Consider the two projections
X ←−
p1
X × Z −→
p2
Z,
and the associated integral transform functor
p1∗(Mod(p
−1
2 W
op
Z )×Mod(WX×Z)) −→Mod(WX).
By the graph embedding, V is identified with a Lagrangian submanifold
of X × Z, and q = p2|V . By [6] there exists a simple module L along
V in Mod(WX×Z |V ⊗C CΩ1/2V
). Hence there is an induced k-functor
Mod(q−1WopZ ⊗C CΩ−1/2V
) −→Mod(WX |V ).
This restricts to functors
Modcoh(q
−1WopZ ⊗C CΩ−1/2V
) −→ModV -reg(WX),
q−1WZ ⊗C CΩ1/2V
−→ SV ,
which are local equivalences by the WKB analogue of [5, Proposition
4.6]. 
As a corollary, we get a sufficient condition for the existence of a
globally defined twisted simple WKB module along V .
Corollary 4.5. In the situation of the above theorem, assume that
there exists a deformation-quantization algebra on Z. Then there exists
a globally defined simple object along V in Mod(WX ⊗C CΩ1/2V
).
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Proof. Suppose that the k-algebroid WZ has a global object. Then
its image by the adjunction functor WZ −→ q∗q−1WZ gives a globally
defined twisted simple WKB module along V . 
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